In this paper we answer negatively a question posed by Libman and Casacuberta about the preservation of perfect groups under localization functors. Indeed, we show that the p-localization of Berrick's and Casacuberta's universal acyclic group is not perfect. We also investigate under which conditions perfectness is preserved:
Introduction
The question of whether or not perfect groups are preserved under localization functors was raised simultaneously in [11] and [3] . The close link between perfect groups and ordinary homology provides the topological motivation. Indeed if X is a space with perfect fundamental group H, then of course H 1 (X; A positive result is Theorem 2.3 which claims that if G is a perfect group and its localization is supposed to be finite then it is automatically perfect. Therefore any example of a non-perfect localization of a perfect group should be an infinite group. The reader which is not familiar with the general theory of localization should not worry since we will mostly deal with standard P -localization, where P is a set of primes. The functor L P associates in a universal way to any group G a morphism G → L P G from G to a uniquely p-divisible group for any prime number p ∈ P . We ask now:
Question: If G is a perfect group, does it imply that so is L P G?
We have seen that we should look for large groups if we want to answer negatively to this question. Berrick and Casacuberta have precisely constructed a universal acyclic space BF = K(F , 1) (see [1] ), whose associated nullification functor is equivalent to Quillen's plus construction. The fundamental group F is a universal "generator" of all perfect groups in the sense that the evaluation map
given by ev (x, ψ) = ψ(x) is surjective for every perfect group G. In particular P BF BG ≃ * for any acyclic group G. Moreover by Chachólski's result [6, Theorem 20.5] it means that the cellularization CW BF BG is BG, i.e. BG can be constructed has a pointed homotopy colimit of a diagram whose values are all copies of BF . It is thus natural to start looking for localizations of this universal acyclic group F . The main result of this paper is the following. A straightforward consequence is that the topological P -localization of the acyclic space BF is not acyclic, as its fundamental group is precisely L P F . This result on the first homology group contrasts with the main theorem in [5] , which deals with the first homotopy group: Any homological localization of a simply connected space is again simply connected.
The present work fits into an already large series of recent papers aimed at the study of preservation of algebraic structures by localization functors, with applications to stable and unstable homotopy theory. Let us mention the nice survey [3] , as well as [11] , [9] , [13] , and [14] .
Finite localizations of perfect groups
The main result of this section could be useful to determine all finite localizations of finite simple groups, a problem which was extensively studied in [13] . It was shown indeed in [14] that the localization of a finite simple group may (un)fortunately not be simple. We prove nevertheless in this section, Theorem 2.4, that all finite localizations of a (non-abelian) finite simple group must be perfect groups. Proof. Consider an endomorphism ψ : G → G which factors through an abelian group A. Since H is perfect, the composite ψ • η : H → G → A → G is trivial. On the other hand, there is a bijection of sets η * : Hom(G, G) ∼ = Hom(H, G) by the universal property of the localization. As η * (ψ) = 0, we infer that ψ is trivial. 2
Theorem 2.3 Let H be a perfect group and H → G be any localization with G finite.
Then G is perfect.
Proof. By the above lemma, G is finite and almost perfect. Hence it is perfect. 2
3
The following corollary tells us that the kind of constructions we made in the previous paper [14] will never yield an example of non-perfect localization of a perfect group. We have to deal with infinite groups. Remark 2.5 The work of R. Göbel and S. Shelah [10] (see also [9] ) tells us that every finite simple group admits large localizations (as large as any given cardinal). We do not know if a similar result also holds for localizations of finite perfect groups.
Adding p-roots to a free group
Given a set of primes P , a group G is called P -local if the p-power map x → x p is bijective, for all p ∈ P . Every group G admits a functorial
i.e. L P G is P -local and for every homomorphism ψ : G → K into a P -local group K there exists a unique homomorphismψ :
we will invert a single prime p. Thus P is the set of all primes different from p and the localization G → L P G is obtained by adding unique p-roots to elements without p-roots and identifying p-roots when they are not unique. In general L P G is a very large group, where the equation y = x p has a unique solution.
We shall suppose that the reader is somewhat familiar with Baumslag's work [2] on groups with unique roots. Another valuable reference is Ribenboim's article [12] . An important class of groups introduced in [2, Section 27] is the class P ω , for which the localization is given by the "free ω-closure", as stated in [2, Theorem 33.4] . In the present paper we will only need to know a couple of facts, which we state in our setting, where ω consists in a single prime p. First, the localization L P G of a group G ∈ P ω is obtained as a transfinite union
by successively adding p-roots in a well ordered way as explained in [2, (33 Then there exists an epimorphism L P G→ →Z p ∞ extending ϕ.
Proof. The proof goes by transfinite induction on the construction of the localization of G. As mentioned above, each step of the transfinite construction is obtained by forming a push-out. Hence we only need to check that the morphism G α → Z p ∞ can be extended to the next step
when α has a successor. There are two cases.
is not trivial. In this case the image of 1 ∈ Z generates some cyclic subgroup of order p
In each case it is thus possible to extend the morphism to the Prüfer group and we finally get an epimorphism
For a free group this yields the analogue of [2, Theorem 37.2] (when x and x ′ are not commutators).
Corollary 3.3 Let F and F ′ be free groups, x ∈ F , x ′ ∈ F ′ and consider the commutator
Proof. The free group F * F ′ belongs to the class P ω and Lemma 3.1 provides now a morphism from the first step of the transfinite construction of L P (F * F ′ ) to Z p ∞ . This push-out belongs again to P ω by [2, Theorem 29.1] and we can apply the above theorem to conclude. 2
Localizing a large perfect group
Berrick and Casacuberta constructed in [1] an acyclic two-dimensional space BF = K(F , 1) whose associated nullification functor is equivalent to Quillen's plus construction. The ideas behind its construction of have been used in other contexts, for instance to show the existence of a plus-construction in the category of differential graded algebras over an operad [7] . The key ingredient is the universal acyclic group F , which is a free product of an uncountable set of locally free perfect groups F n indexed by nondecreasing sequences n = (n 1 , n 2 , · · · ) of positive integers. We will make use of the group
so every generator is a simple commutator of two new generators. In other words, H is the colimit of the diagram
where F 2 n is a free group on generators x 2 n , x 2 n +1 , . . . , x 2 n+1 −1 and ϕ n (
for any 2 n ≤ i < 2 n+1 (thus ϕ n is actually a free product of 2 n copies of ϕ 0 ). In general the group F (n 1 ,n 2 ,··· ) is defined similarly: the generators at the step k are products of n k commutators of new generators; for more details see [1, Example 5.3] . Proof. The idea is to construct a non-trivial homomorphism from L P H to an abelian group. Let us first construct inductively a commutator c n ∈ F 2 n for n ≥ 1 by setting
, and, for any n ≥ 2, c n = ϕ n−1 (c n−1 ). We decide to construct 6 L P F 2 n by first adding the p-roots of c n , i.e. by taking as above the push-out G 2 n of the
We can do this at once by considering the following commutative ladder, where each square is a push-out square:
is an L P -equivalence, so is the push-out F 2 n → G 2 n . If G denotes the union colim G 2 n , we get thus that the induced map H → G is also an L P -equivalence.
Therefore to construct a homomorphism L P H → Z p ∞ , we might as well construct one Proof. By [4, Theorem 8.7 ] the topological P -localization of a wedge of circles is given by the group theoretical one. That is, for any free group F , we have L P BF ≃ B(L P F ).
Since BH is constructed as a telescope of BF 2 n 's, Theorem 1.D.3 in [8] tells us that
The last weak equivalence is due to the fact that L P H is isomorphic to colim n L P F 2 n , the latter being a P -local group (uniquely p-divisible) by a standard finite object argument.
We conclude now that L P BH ≃ B(L P H) because the latter is a P -local space (clearly BG is P -local for any P -local group G). 2
It could be nice to completely determine the abelianization of the P -localization of F (we just exhibited one morphism onto a Prüfer group), and also to compute explicitly the topological P -localization of Berrick's and Casacuberta's universal space BF , or even its integral homology.
